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Abstract
In this paper, we study the problem when a Volterra space is Baire. It is shown that every stratifiable Volterra space is Baire. This
answers affirmatively a question of Gruenhage and Lutzer in [G. Gruenhage, D. Lutzer, Baire and Volterra spaces, Proc. Amer.
Math. Soc. 128 (2000) 3115–3124]. Further, it is established that a locally convex topological vector space is Volterra if and only if
it is Baire; and the weak topology of a topological vector space fails to be Baire if the dual of the space contains an infinite linearly
independent pointwise bounded subset.
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1. Introduction
Recall that a topological space X is a Baire space if the intersection of any sequence of dense open subsets of X is
dense. The importance of Baire spaces is due to the classical Baire category theorem, which claims that any complete
metric or locally compact Hausdorff space is Baire. It follows immediately from the definition that the intersection of
countably many dense Gδ-sets of a Baire space X must be dense in X. A weaker condition is that the intersection of
any two dense Gδ-sets of X must be dense in X, and that is the definition of a Volterra space. The class of Volterra
spaces was introduced in [8] in the light of an 1881 paper by V. Volterra [20] who proved that if f :R → R is any
function such that both C(f ) = {x ∈ R: f is continuous at x} and D(f ) = R  C(f ) are dense in R, then there is no
function g :R → R such that C(g) = D(f ) and D(g) = C(f ). Moreover, if the intersection of any two dense Gδ-sets
of X is non-empty, then X is called a weakly Volterra space. By definition, any space which is either of the second
Baire category or Volterra is weakly Volterra.
Since its birth, the class of Volterra spaces has attracted the attention of several authors. First, in general, the class
of Baire spaces is contained properly in the class of Volterra spaces. For example, a first countable, completely regular,
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528 J. Cao, H.J.K. Junnila / Topology and its Applications 154 (2007) 527–532paracompact space that is a Volterra space but is not a Baire space has been provided in [11, Example 3.3]. Second, it is
natural and interesting to ask when a Volterra space is Baire. This question has already been considered by Gruenhage
and Lutzer in [11], where a few important classes of topological spaces in which these two notions coincide have been
listed. A special case that every metric Volterra space must be Baire answered a question posed by Gauld, Greenwood
and Piotrowski in [7], and thus the following natural questions were posed.
Questions 1.1. [11]
(a) Is it true that any Volterra Moore space must be a Baire space?
(b) Is it true that a space X must be a Baire space provided that X is Volterra and has a dense subspace that is
developable and metacompact?
(c) Must X be Baire if X is stratifiable and Volterra?
(d) Suppose X is a σ -space and first category in itself. Must every dense subset D of X contains a dense subset E
which is Gδ in X?
The main purpose of this paper is to consider Questions 1.1 and whether a Volterra space is Baire for some special
classes of homogeneous spaces. In Section 2, we show that every stratifiable Volterra space is Baire. This answers
affirmatively Questions 1.1(c). It is remarked in [11] that Questions 1.1(b) has an affirmative answer when “meta-
compact” is strengthened to “screenable”. At the end of Section 2, we shall mention that the answer to this question
is still affirmative when “screenable” is weakened to “σ -strongly metacompact”. In the last section, we first point
out that there exists a Hausdorff topological group which is Volterra but not Baire. This answers a question in [1].
Further, we establish that Volterra is equivalent to Baire for any locally convex topological vector space; and the weak
topology of a topological vector space fails to be Baire if the dual space contains an infinite linearly independent
pointwise bounded subset. Consequently, a normed linear space in its weak topology is Voltera if and only if it is
finite-dimensional; and Cp(X) fails to be Volterra if X contains an infinite relatively pseudocompact subset.
2. Volterra stratifiable spaces are Baire
In this section, we shall prove the claim given in its title. The key idea is to use a deep result on the resolvability of
certain classes of spaces.
Recall from [13] that a space X is said to be resolvable if it contains two disjoint dense subsets D and E. In this
case, we shall call 〈D,E〉 a resolution of X. In the literature, there are many interesting results concerning this class
of spaces. In what follows, we shall describe one result in [19] which is useful to us. Given a space X and a non-empty
subset M ⊆ X, let Md denote the derived set of M . We shall call M simultaneously separated in X [19] if each point
x ∈ M has an open neighbourhood Ux in X such that {Ux : x ∈ M} is a pairwise disjoint family in X. Define λ(M) by
λ(M) =
⋃{
Ad : A ⊆ M and A is simultaneously separated in X}.
Lemma 2.1. [19] Let X be a dense-in-itself Hausdorff topological space. If λ(X) = X, then X is resolvable.
Recall that a regular space X is stratifiable [10] if one can assign a sequence of open sets {G(n,H): n ∈ N} to each








and H ⊆ K implies that G(n,H) ⊆ G(n,K) for all n ∈ N. In addition, X is said to be monotonically normal [10] if
there exists a map
G :
{
(x,U): x ∈ U ∈ τ(X)}→ τ(X)
such that x ∈ G(x,U) and G(x,U) ∩ G(y,V ) 	= ∅ implies that either y ∈ U or x ∈ V , where τ(X) is the topology
of X. It is a well-known result that every stratifiable space is monotonically normal, refer to [10].
Lemma 2.2. [3] Let X be a dense-in-itself, monotonically normal Hausdorff space. Then M = λ(M) for any M ⊆ X.
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It is easy to see that the union of any finite family of Gδ-sets in a topological space is still a Gδ-set. The following
lemma, which extends this fact, will be useful in the sequel.
Lemma 2.4. [11] Suppose U is a point-finite collection of open subsets of a space X and that each U ∈ U contains
a Gδ-set G(U) of X. Then S =⋃{G(U): U ∈ U} is a Gδ-set of X.
Now, we are ready to prove the main result of this section.
Theorem 2.5. Let X be a stratifiable space. Then X is Volterra if and only if X is Baire.
Proof. Every Baire space is Volterra, so we only need to prove the converse. Suppose that X is not Baire. We shall
show that X is not Volterra either. Let G be a non-empty open subset of X which is of the first Baire category. We
are done if we can show that G is not weakly Volterra, since a space is Volterra if and only if all its non-empty open
subspaces are weakly Volterra. Without loss of generality, we may assume that G = X. Let {Gn: n ∈ N} be a sequence
of dense open subsets of X such that
⋂
n∈NGn = ∅. We may assume that Gn+1 ⊆ Gn for all n ∈ N. This implies that
the space X is dense-in-itself, and the family {Gn: n ∈ N} is point-finite in X.
As X is a dense-in-itself and monotonically normal space, by Corollary 2.3, it is resolvable. Thus, X has a reso-
lution 〈D,E〉. In the sequel, we shall construct two dense Gδ-sets D′ and E′ of X such that D′ ⊆ D and E′ ⊆ E.
Since X is stratifiable, it has a σ -discrete network N . Let N0 = {N ∈ N : N ∩ D 	= ∅}, and for each N ∈ N0, select
a point xN ∈ N ∩ D. Then, it can be checked easily that {xN : N ∈ N0} is a σ -discrete and dense subset of X. Since
{xN : N ∈ N0} ⊆ D, without loss of generality, we may assume that D itself is σ -discrete, that is, D =⋃n∈NDn,
where each Dn is discrete in X. For each n ∈ N and each d ∈ Dn, choose an open subset V (d,n) in X such that
Dn ∩ V (d,n) = {d}. Moreover, for each n ∈ N, we may require that {V (d,n): d ∈ Dn} is a pairwise disjoint family
in X, as X is collectionwise normal. Now, let M = D ∩ Gn ∩ (V (d,n)  {d}). Since, d ∈ M , then by Lemma 2.2,
there exists a simultaneously separated subset K(d,n) of X such that d ∈ K(d,n) and K(d,n) ⊆ M . Note that each
point of K(d,n) is a Gδ-set of X, as X is stratifiable. Thus, it follows from simultaneous separatedness of K(d,n)
and Lemma 2.4 that K(d,n) itself is a Gδ-set of X. Next, for each n ∈ N, we define the set Hn ⊆ D by letting
Hn = ⋃d∈Dn K(d,n). Since K(d,n) ⊆ V (d,n) for each d ∈ Dn and {V (d,n): d ∈ Dn} is a disjoint family, by
Lemma 2.4, each Hn is a Gδ-set in X. In addition, since Hn ⊆ Gn and {Gn: n ∈ N} is point-finite, again Lemma 2.4
implies that D′ =⋃n∈NHn is a Gδ-set in X. By its construction, it is clear that D′ ⊆ D is dense in D, and thus is
dense in X. In a similar way, we can construct a dense Gδ-set E′ ⊆ E. Finally, since X contains two disjoint dense
Gδ-sets D′ and E′, it is not a weakly Volterra space. The proof is completed. 
As mentioned above, Theorem 2.5 answers affirmatively Questions 1.1(c) of [11]. We shall close this section with
a comment on Questions 1.1(b), which asks whether X must be a Baire space provided that X is Volterra and has
a dense subspace that is developable and metacompact.
Remark 2.6. It is remarked in [11] that Questions 1.1(b) has an affirmative answer when “metacompact” is strength-
ened to “screenable”. We mention here that “screenable” can be weakened to “σ -strongly metacompact”; this last
property has been introduced in [2]. To define the property, we first recall that a family of subsets in a space is strongly
point-finite if it contains no infinite centered subfamily (see [2,4]). Furthermore, we shall call a space X σ -strongly
metacompact if each open cover of X has an open refinement which is the union of countably many strongly point-
finite families. It is easy to see that every screenable space and more generally, every σ -boundedly metacompact space
is σ -strongly metacompact (here, by a σ -boundedly metacompact space X, it is meant that every open U of X has an
open refinement
⋃
n∈NHn such that for each n ∈ N, Hn is a point-finite family of order kn for some kn ∈ N. This con-
cept is motivated by the notion of boundedly metacompact spaces in [6]). Also, every locally compact σ -metacompact
regular space is σ -strongly metacompact; as a consequence, every Eberlein compact space is hereditarily σ -strongly
metacompact.
The crucial property of strongly point-finite families needed for the partial answer to Questions 1.1(b) is the fol-
lowing: when D is a dense subset of a space X and L is a strongly point-finite family of relatively open subsets of D,
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together with Proposition 2.6 and Remark 2.7 in [11], we obtain the result that a space X is a Baire space provided
that X is Volterra and has a dense subspace that is developable and σ -strongly metacompact.
3. Homogeneous spaces
In this section, we shall discuss the problem of Baire versus Volterra in homogeneous spaces.
Recall that a topological space X is said to be homogeneous if for any two distinct points x, y ∈ X, there exists
a homeomorphism h :X → X such that h(x) = y. Examples of homogeneous spaces include topological groups and
topological vector spaces, particularly, Banach spaces in their weak topologies. It is a classical result that a homoge-
neous space is Baire if and only if it is of the second Baire category (see, e.g., [15, Theorem 2.3]). In [1], it is proven
that a homogeneous space is Volterra if and only if it is weakly Volterra. Hence [1, Question 3.7] asks whether there
is a Hausdorff topological group (or even just a homogeneous Tychonoff space) that is Volterra but not Baire. It turns
out that this question is simple and its answer is affirmative by [11, Example 3.2].
Example 3.1. [11] Let Z be the set of all integers, and let
X = {f :ω1 → Z: {α < ω1: f (α) 	= 0} is finite
}
.
For each f ∈ X and α < ω1, define
B(f,α) = {g ∈ X: g(β) = f (β) for each β  α}.
Topologize X such that {B(f,α) : α < ω1} is a neighborhood base at f for any f ∈ X. It can be verified that X
endowed with this topology is a Hausdorff topological group. Furthermore, it is already known from [11, Example 3.2]
that X is Volterra but is not Baire.
Next, we shall consider the Volterra property for a topological vector space V (over R), and we shall show that
the equivalence of Baire and Volterra holds whenever V is locally convex. Our result is a consequence of the Hanh–
Banach Theorem and the following observation.
Lemma 3.2. Let X be a space of the first Baire category, and let Y be a dense-in-itself separable metrizable space.
Then the product X × Y is not weakly Volterra.
Proof. There exists a decreasing sequence {Gn: n ∈ N} of dense open subsets in X such that ⋂n∈NGn = ∅. The
space Y is resolvable, and hence there exist disjoint dense subsets {dn: n ∈ N} and {sn: n ∈ N} in Y .
The sets A =⋃n∈NGn × {dn} and B =
⋃
n∈NGn × {sn} are disjoint and dense in X × Y . Moreover, the family{Gn × Y : n ∈ N} is point-finite and open in X × Y and each set of the form Gn × {y} is a Gδ-set in X × Y . Hence, it
follows from Lemma 2.4 that A and B are Gδ-sets of X × Y . This implies that X × Y is not weakly Volterra. 
The preceding results show that the product of a Volterra group and a compact metrizable group may fail to be
Volterra.
Example 3.3. Let X be the Volterra group considered in Example 3.1. The space X is of the first Baire category, and
hence the preceding lemma shows that the product of X with the circle group T or the Cantor group {0,1}N is not
weakly Volterra.
K.P. Hart [12] has observed that it follows from the Hahn–Banach Theorem that there are no “linear Dowker
spaces”; we shall use a similar argument together with Lemma 3.2 to show that every Volterra locally convex topo-
logical vector space is Baire.
Theorem 3.4. Let X be a locally convex topological vector space. If X is Volterra, then X is Baire.
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topological vector space X is homeomorphic to Z×R for some topological vector space Z. In fact, take any non-trivial
continuous linear functional f on X, and let Z = ker(f ) (that is, the kernel of f ). Since ker(f ) has co-dimension one
in X, X/ker(f ) is homeomorphic to R. By Lemma 3.2, the space Z must be of the second Baire category, and a result
from [17] shows that Z × R is of the second Baire category. Hence X is of the second Baire category and it follows,
since X is homogeneous, that X is Baire. 
Remark 3.5. (i) Note that the fact “any locally convex topological vector space X is homeomorphic to Z × R for
some space Z” used in the proof of Theorem 3.4 can also be deduced from [9, Corollary 2.4].
(ii) We do not know any characterization of Baire locally convex topological vector spaces, but E.K. van Douwen
and E.G. Pytkeev have characterized those topological spaces Z for which the function space Cp(Z) is Baire (see
[16, Theorem 5.3.8]).
We shall close this paper by exhibiting one quite large class of non-Baire locally convex topological vector spaces.
For a vector space X over R, let X′ denote its algebraic dual (i.e., the set of all linear functionals on X) and Y ⊆ X′.
Recall that the weak topology on X generated by Y , denoted by σ(X,Y ), is the weakest topology on X such that all
f ∈ Y are continuous, see, e.g., [14]. In addition, a basic neighborhood of 0 in σ(X,Y ) is given by
N (0,F, ε) = {x ∈ X: ∣∣f (x)∣∣< ε for all f ∈ F},
where F ⊆ Y is finite and ε > 0. Further, we shall call a subset A ⊆ X′ pointwise bounded provided that
sup{|f (x)|: f ∈ A} < +∞ for every x ∈ X.
Theorem 3.6. Let X be any vector space, and Y ⊆ X′. If Y contains an infinite linearly independent pointwise bounded
subset, then (X,σ (X,Y )) is not a Baire space.
Proof. Let {hn: n ∈ N} ⊆ Y be an infinite linearly independent and pointwise bounded subset. Let Fk = {x ∈
X: |hn(x)| k for every n ∈ N} for each k ∈ N, and note that Fk is a σ(X,Y )-closed subset of X. Since {hn: n ∈ N}
is pointwise bounded, we have that
⋃
k∈NFk = X.
To complete the proof, we shall show that each Fk is nowhere dense relative to σ(X,Y ). Assume on the contrary
that there exists a point z ∈ X which is in the σ(X,Y )-interior of some Fk . Then there exist f1, . . . , f
 ∈ Y and ε > 0
such that the set
G = {x ∈ X: ∣∣fi(x)− fi(z)
∣∣< ε for every i  

}





i∈N ker(hi). For otherwise,
⋂

i=1 ker(fi) ⊆ ker(hi) for all i ∈ N.
Then, by a result in linear algebra (see, e.g., [14, p. 5]), we have hi ∈ span{f1, . . . , f
} for all i ∈ N. This is impossible,
because {hn: n ∈ N} is a infinite linearly independent set. Thus, there must exist y ∈ X and m ∈ N such that
(i) fi(y) = 0 for every i  
;
(ii) hm(y) 	= 0.
It follows from (i) that we have z+λy ∈ G, and hence z+λy ∈ Fk , for any value of λ. However, we have hm(z+λy) =
hm(z) + λhm(y), and it follows from (ii) that there exists γ ∈ R such that hm(z + γy) > k; this is in contradiction
with the fact that z + γy ∈ Fk . 
Recall that a subset A of a space Z is relatively pseudocompact in Z (or R-bounded in Z) provided that every
continuous real-valued function defined on Z is bounded on A. For a Tychonoff space Z, we shall use C(Z) to denote
the set of continuous real-valued functions on Z, and Cp(Z) denotes the space of C(Z) equipped with the topology
of pointwise convergence.
Corollary 3.7. [15] Let Z be a Tychonoff space. If Z contains an infinite relatively pseudocompact subset, then Cp(Z)
is not Baire.
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of pointwise convergence is precisely σ(C(Z),Y ). Suppose that A ⊆ Z is an infinite relatively pseudocompact subset.
Then, {δz: z ∈ A} is an infinite pointwise bounded family of continuous linear functionals on C(Z) which is also
linearly independent, and thus Theorem 3.6 applies. 
Remark 3.8. (i) With a little bit extra effort, one can weaken the assumption in Theorem 3.6 as follows: There
exists a sequence {An: n ∈ N} of finite subsets of Y with the properties (a) supn∈Nmin{|f (x)|: f ∈ An} < ∞ for
every x ∈ X; and (b) An ∩ span(⋃{Ak: k 	= n}) = ∅ for each n ∈ N. We do not know whether the existence of this
kind of a sequence actually characterizes non-Baire weak topologies of linear spaces, but we observe that we do
have a characterization in one special situation. If Z is a Tychonoff space and if we replace above X with C(Z)
and Y with {δz: z ∈ Z} (compare with the preceding proof), then we obtain exactly the condition used by Pytkeev in
[18, Theorem 1] to characterize first category spaces Cp(Z); another formulation of the same condition is contained
in the statement of the “van Douwen–Pytkeev Theorem” in [16, Theorem 5.3.8]: Cp(Z) is of the first category if, and
only if, Z has an infinite disjoint family A of finite subsets such that no infinite subfamily of A has a discrete open
expansion.
(ii) For a normed linear space X, let X∗ be the set of continuous linear functionals on X. By a theorem of Mazur,
every norm-closed convex subset is σ(X,X∗)-closed; Further, if X is infinite-dimensional then every non-empty
σ(X,X∗)-open set is unbounded, see [5,9]. It follows that if X is infinite-dimensional, the closed unit ball BX is
a σ(X,X∗)-closed set and its σ(X,X∗)-interior is empty. Thus, Theorem 3.6 corresponds to the well-known conse-
quence of the Hahn–Banach Theorem which claims that X with σ(X,X∗) is non-Baire if X is infinite-dimensional,
see [14, p. 112]. Well, Theorem 3.4 gives the further conclusion that an infinite-dimensional normed linear space X
is non-Volterra in σ(X,X∗). Note that, in this situation, we can exhibit a simple pair of disjoint dense Gδ-sets: if SX
is the unit sphere of the normed linear space X, then disjoint sets ⋃n∈N 2n · SX and
⋃
n∈N (2n + 1) · SX are dense
Gδ-sets in the weak topology of X.
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